A UNIFIED VIEW OF SOME VERTEX 
OPERATOR CONSTRUCTIONS 



Stephen Berman^, Yun Gao^, Shaobin Tan^ 

Abstract. We present a general vertex operator construction based on the Fock space for 
an afRne Lie algebras of type A. This construction allows us to give a unified treatment for 
both the homogeneous and principle realizations of the afRne Lie algebras gljsf as well as 
for some extended affine Lie algebras coordinatized by certain quantum tori. 



§0. Introduction. 

This paper presents a unified view of certain vertex operator constructions for some 
of the extended affine Lie algebras (EALA's for short) which are coordinatized by cer- 
tain quantum tori. Recall that for the affine Kac-Moody Lie algebras vertex operator 
representations were developed in [LW] and [KKLW] for the principal realizations and 
in [FK],[S] in the homogeneous realization. Our motivation comes from the paper [Fl] 
of I. Frenkel, where he presented a unified construction for both the principal and ho- 
mogeneous realizations of the affine Lie algebras of type A^^K This is accomplished by 
using the affine algebra glj^ rather than sIm- Moreover Frenkel used a Clifford algebra 
structure, which was inherent in his situation, to define a new type of normal ordering 
which then led to his unified view. The Clifford structure had been studied before in the 
works [F3,4] and [KP]. 

The structure theory of EALA's has been developed over the last ten years(see [H-KT], 
[BGK],[AABGP] and [ABGP]). Roughly speaking these Lie algebras are generalizations 
of both the affine Kac-Moody Lie algebras and the finite dimensional simple Lie algebras 
over the complex numbers which admit Laurent like coordinates in a finite number of 
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variables. It turns out that algebras of different types admit different types of coordinates. 
For example, those of type Ai admit the non-commutative quantum torus as coordinates 
(see [M],[BGK]). Representations for these Lie algebras over quantum tori have been 
constructed in [JK], [G-KK], [01,2,3], [BS], [VV]. When / = 1 there are even Jordan 
algebras which serve as coordinates of EALAs. The study of representations for this type 
of Lie algebra has been initiated in [Tl]. Perhaps the examples which have attracted the 
most attention so far are the toroidal algebras which have the commutative associative 
Laurent polynomials as their coordinates. The toroidal algebras have been studied since 
the mid 80 's both in terms of their structure theory as well as their representation theory 
(see for example [F2], [MRY], [Y], [W], [EC], [FJW],[T2]). For our purposes we want to 
mention that vertex operator representations have played a predominant role in much 
of this work. Indeed, in [Gl,2], one finds both homogeneous and principal realizations 
given for many of the EALA's of type A. The principal realization for those EALAs was 
also implicitly given by [G-KK] in studying the so-called F-conformal algebras. Our goal 
in this work is to unify the various approaches and show how they all follow from the 
same type of approach. Of course, the work in the affine case, namely [Fl], shed light on 
doing this. 

Working with a standard type of Fock space we are able to define a general type of 
vertex operator which depends on a non-zero scalar from C and to then compute the 
commutator of two of these operators. This is presented in the second section of this 
paper while, in the first section, we give the basics on the Lie algebras, which are all of 
type A, which we will later go on to find representations for. Already in Section one it is 
evident that there is somewhat of a unified picture for these algebras. When we define 
our vertex operators in Section two the reader will see that we are using a Clifford algebra 
structure to define the normal ordering we are using, just as was done in [Fl]. In the 
third section we introduce some Lie algebras associated to certain choices of subgroups, 
G, of non-zero complex numbers as well as the choice of a positive integer M. These Lie 
algebras are spanned by the moments of our vertex operators and hence, by construction, 
we automatically have a representation for this Lie algebra. We show the representations 
we have are completely reducible and find the irreducible components. In the fourth 
and final section we show how certain choices of the group G and the integer M lead 
to representations of the algebras of section one. Thus, we recover both the principal 
and homogeneous representations for the affine algebras of type A as well as those for 
the EALA's studied in [BS], [Gl,2], [G-KK]. It is from seeing the various applications 
in this fourth section that one understands the unification of our treatment. Finally we 
want to emphasize that this unified treatment would not have been possible without first 
knowing the particular special cases of this result. 

§1. Preliminaries. 

In this section we shall review some of the basics on Lie algebras coordinatized by 
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quantum tori. We present this from a general point of view which unifies our treatment. 
For notation we always denote the integers, positive and negative integers respectively 

by Z, Z_|_, and Z_. 

Let be any associative C-algebra with a symmetric bilinear form (■,■): 0X0— > C such 
that {xy,z) = {x,yz) for x,y,z e 0. Let A = ®a€'Z"+'^^a, > 0, be any Z^^-'^-graded 
associative algebra such that dimAo, < oo for all a e Z^~^^. Fix a base {xia)ieic of ^a, 
where /q, is the index set corresponding to the subspace Aq,. Let do^di, ■ ■ ■ .d^, be degree 
derivations of A such that d for X G Aq,, i = 0, 1, • • • ,v and a = (ckq, " " " > cki^) £ 

Z^+^ We define a C-linear map : ^ — > C by linear extension of 



(1.1) = 



1 if a = (0, • • • , 0) 
otherwise. 



for i G /q,, ct G Z'^+^. The tensor product 0®c^: with the canonical product {x®a){y® 
h) = xy ® ah for x,y G 0, a, 6 G A, is also an associative algebra. Moreover with the 
commutator product [x ® a,y ® h]ioop = {x ® a){y ® h) — {y ® b){x ® a), ®c ^ forms 
a Z'^^^ -graded Lie algebra. We call this algebra a loop type Lie algebra. Consider the 
vector space 

(1.2) 0A:=(0®C^)eC 

where C=(Bo<i<iy'Cci is a, u + 1-dimensional vector space. There is an alternating bilinear 
map [■,■]: Q A X Q A ^ Qa determined by the conditions: 

[Ci,dA] = 

[x<S>a,y<S>b] = [x<S)a,y<S>b]ioop + {x,y) ^ (f){{dia)b)ci 

0<i<iy 

for y G 0, a, 6 G A and i = 0, 1, . . . , It is straightforward to check that 0^ is a Lie 
algebra. Indeed there is an exact sequence of Lie algebras with canonical maps 

®o<i<uCci ^ 0^ ^ A ^ 0, 

and so we have that 0^ is a central extension of the loop type Lie algebra (8>c A. 

Let Moo(C) =spanc{£'ij| 1 < < oo} be the infinite matrix algebra, where Eij 
is the infinite matrix with a 1 in the (z,j)-entry and zero's elsewhere. We also let 
Mn{C) =spanc{-Ey| 1 < j < n}. This subspace of Moo(C) for n > 1 is isomorphic to 
the usual matrix algebra of n x n matrices with entries in C . 

Let Q = (qij) be a (z/ + 1) x (z/ + 1) matrix with entries qij G satisfying qa = 1 and 
Qij = gj^ for < i, j < I'. The quantum torus associated with the matrix Q is a unital 
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associative C-algebra Cq := Cqlt^ - ■ ■ ,t^^] with generators tQ^, - ■ ■ ,t^^ and relations 

tit~^ = t~^ti = 1, titj = Qijtjti, for < z,j < z/. If (5 is 2 X 2 matrix, so then z/ = 1, 
the matrix Q = (qij) is determined by a single g = qiQ. In this case we often simply 
denote Cq = CqIIq^ ,tf^] by Cg. Choose the bilinear form on M^(C) to be the trace 
form. Set A = Cgftg ^, • ■ • with the Z'^+-'^-gradation A = ^aei^^+^^a, where the 

subspace A^ is spanned by = t^^t^^ • ■ -t^" for a = (ckq, • • • , c^i^) £ 7,'^'^^. Define ctq : 
Z^+i X Z^+i ^ C by 

(1-3) crQ{a,P)= n ^^^'"'^ 

0<i<j<u 

for a = (ao, ■ ■ ■ , a^), P = {Po, ■ ■ ■ , (3^) e Z^+K Then we have = c7q(q;, 
The proof of the following Lemma is clear. 

Lemma 1.4. Let m,n> 1 be integers. Then there is a Lie algebra isomorphism 
which is given by 

Eij ® Ekl (8) I— > E(^i_i-)n+k,{j-l)n+l ® 
Cs Cs, S = 0, 1, • • • , 

/or a = (tto, ■ ■ ■ 7 ^ Zy^^ , 1 < i, j < m,l < kj < n. 

Let £cq be the Lie subalgebra of (Mm(C) C?) M^(C))q^ generated by elements of the 

form Eij (S) E^i ® tQ^*-" ^''^^ ^t" for 1 < i, j < m, 1 < k,l < n and a = (ckq; " " " > cki/) £ 
rp]^^-, following result gives the structure of Ccq ■ 

Proposition 1.5. 

£cq =(M^(C)®M^(C))^^. 

where Cq = Cgftg \ ■ ■ ■ , t^'^] with Q = (qij), and Cq* = Cq* [tq'^, ■ ■■ , r^^] with Q* = 
{q*j) such that q*j = qij ifiJ^O, and q-j = qfj if i = or j = 0. 

Proof. Define a linear map / : (M„j(C) Mn(C))^^^^ Ccq by 

Eij ®Eki®T'^^{ n i%'')Ei3 ® Eki ® _ k5ij5ki5a,^QCQ 

1<S<U 

Co ^ nco, Cs^Cs, s= 1,2, 

for a — (cto, • • • Tdy) G 1 < i,j < m and 1 < /c,Z < n. Let a = {nao + I — 

fc, «!, • • • , CKjy), and a' = {nag + I' — k' , a'l^ ■ ■ ■ , ct^) G Z'^'*'-'^. Using the identity 

(1.6) aQ{a,a') ^ aQ*{a,a') Qjo^^~''^ 

one can easily check that the map / is the desired Lie algebra isomorphism. □ 

Putting together the two previous results we get the following identification of £cq • 



Corollary 1.7. 

where Q and Q* are given in the previous proposition . □ 

Let ^ = be an n-th primitive root of unity and let E,F e M„(C) be defined by 
saying 

n 

(1.8) E = Er2 + E23 + --- + En-i,n + Eni, F = Y,Eii{e~^). 

Then the following fact is well-known. 

Lemma 1.9. The set of matrices {F*£^-^}i<i j<„, forms a basis of the matrix algebra 
Mn{C) (so a basis of the general linear Lie algebra gl^{C)). Moreover, 

(1.10) EF = ^FE, E'^ ^F"^^ Idn, 

and 



^ n—l n 

(1.11) Eij i^^^-')F''E^-\ F'E^ = f 



k=0 1=1 



for I < i, j < n, where, for notation, we are letting I denoted the unique integer, I, in 
{1, 2, • • • , n} such that I — l{mod n). 

Note that 



n-l 



s=0 



n-l 



Y C^^~''^Eij ® F^E< tQH^' ■■■t'i" 



s=0 

where ckq = cton + Z — A;, for 1 < < m, 1 < A;, Z < n, and a = (ckq, cki, • • • , a^,) e Z"'^^. 
From this one sees that the Lie subalgebra Ccq of (M^(C) (g) M„(C))£^ has a basis of 
the form 

(1.12) Eij^F'^E^^ ®tl° ---tl^ Co, ci,---,c^ 
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where l<i,j<m, 0<k<n— 1 and lo^hi - ■ ■ ^Iv £ ^- Moreover, the commutation 
relation of are determined by 

(1.13) [Eij ® f''E'^° ® Ei>j, (g) F^'e< ® t"'] 

0<s<iv 

for 1 < z, z', , J, , / < m, < /c, /c' < n — 1, a = (ao^ ■ ■ ■ 5 ct;^)? ct' = (ctg, • • • , a'j^) G Z'^^-^, 
as well as the fact that the elements cq, ■ ■ ■ are central in • 

From now on we will identity the Lie algebra (M^(C) (8)M„(C))^^ with (M^„(C))^^, 

and also identify Cc^ with {Mmn{^))cQ* i where Q = (gy), Q* = (q'*^) and as above 
^ij — ^ij 7^ 0' = if « = or J = 0. For simplicity we will write 

aa = (acKi, • • • , aa,^) for a e Z and a & , also we will write 

Qo — Qio ' ' ' Quo 

for go = (gio, • • • ,gi/o) e C". 

The Lie algebra structure (1.13) of Ccq can be described by formal power series 
identities. For this purpose we let z,zi,Z2 be formal variables. For 1 < i,j < m, 
< k < n — 1 and a — (cti, • • • , ai,) G Z'^, we set 

(1.14) X^^ia,z) = Y^iEij ® F'^E' ® ' • -C-^)^-' e £cj[^,^-^]], 

and S{z) = ^i^x ■> {F)5){z) — Yliiez ■ Then the algebra structure of Cc^ is described 
by the following lemma. 

Lemma 1.15. Let 1 < < m, < k,k' < n — 1, a = (cti,--- ,a,^), a' = 

{a[, • • • , Q!^) e Z'^. Then the following power series identity is equivalent to (1-13) 

(1.16) [X^^{a,z^),X^!^,{a',Z2)] = 5^va{a,a')xf+^ {a + a' .C^' z^)5{^) 

I 

-6,,ia{a', a)X^{a + a', C'z,)6{^) 

q Zi 

){(^'^)(v^)co + <5(^) ««^^} 
^igo z\% i<^<^ 
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where k = k{mod n) and k e {0, 1, • • • , n — 1}. 

As very special cases, one chooses n = 1, = 0, then Ccq is just the aflfine algebra 
gl^{C) in the so-called homogeneous picture; while if one chooses m = 1, v = then 
Ccq is the affine algebra ^i„(C) in the so-called principal picture. In these two cases, 
the identity (1.16) can simply be written as follows 

(1.17) [Xj(^i), X,V^2)] = X^^{z^)5,k6{^) - X',^{z2)5u5C-^) + 5,k6u{D5)C-^)co, 
for 1 < i,j,k,l < m, for the first of these and 

(1.18) [Xl,{z^),Xi,{z,)]^xW{z2)S{^-^)-xW{z^)S{^-^^ 

Zi Z2 Zi 

for < i, j < n — 1, i — i(mod n) and i G {0, 1, • • • , n — 1} for the second one. 

Moreover if we choose n = l,z^ = l,orm = 1,^" = 1, and write qio = q, then £cq gives 
respectively the homogeneous realization of the Lie algebra gl^{Cq), and the principal 
realization of gl^{Cqn). The algebra structure of these two cases can be described as 
follows 

(1.19) [Xg.(r, z,),X',i{s, Z2)] = X^iir + s, Zi)5^k5{^) - X%{r + ^2)5i^5(^) 

+5ii5jk5r+s,o{{D5){^-)cQ + r5{^—)ci) 

Q Zi Q ^1 

for 1 < i, j, k,l < m and r, s E for the first and 

(1.20) [Xli(r, z^),Xi,{s, z^)] = xjf (r + C^ziM^^^) - xjf (r + r^^2)5(||^) 

q Zi H Z\ 



for 1 < z, J < n, r, s G Z, and z + j = z + j (mod n) for the second. 

Finally if we choose z/ = 1, m,n > 1, write q\Q — q, then Ccq is isomorphic to the 

affine Lie algebra gl^^{Cqn), which contains the special cases mentioned above. The 
algebra structure is as follows. 



(1.21) [Xg.(r, zi), X^^,(r', z^)] = S,,Xf+'^'{r + r' ^C"' zi)5{^) 

J q Zi 
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In subsequent sections we are going to give irreducible representations for a class of Lie 
algebras which include the Lie algebras mentioned above. 

§2. Fock Space and Vertex Operators. 

In this section, we shall define the Fock space we need and construct a family of vertex 
operators acting on it. Then we go on to derive the commutation relations between 
these vertex operators in various situations. Some of these commutation relations were 
implicitly worked out in [Gl]. However, we will use the ideas from [Fl] to tie a Clifford 
algebra structure to our vertex operators. This makes our approach very natural and 
concise. 

Let El, ... , Em {M > 1) be symbols. We form lattices 

(2.1) Fm = ei^iZe^, Qm = - Si+i), 

with a symmetric bilinear form {ei,ej) = 5ij. We also extend this bilinear form to the 
C- vector space 

(2.2) Hm:=C^Tm. 

For each /c G Z we take a copy of Hm with basis labeled by Si{k) for 1 < i < M, /c e Z. 
That is, ei{k), is to be a copy of e^. We form a Lie algebra 

(2.3) Hm = spanc{ei(A;), c\l <i < M, k e Z}, 
with the Lie product 

(2.4) [a{k),(3{l)] = k{a,/3)6k+i,oc, 
for a,P & Hm, k,l & Z, where c is a central element. Let 

(2.5) = span{£,(/c)|/c G Z±,l < ^ < M}. 
Then 



(2.6) Hm = nil + €0 + 71 



M 



forms a Heisenberg subalgebra of H-m- 

Let S{l-C^) be the symmetric algebra over the abelian algebra H.'^ and lat 

(2.7) <C[Tm] := ©cer^Ce", 

be the group algebra over Tm twisted by a 2-cocycle so that e"e^ = e{a, P)e°''^^ for 
a,P e Tm- The cocycle 

(2.8) e: TmxTm^ {±1}, 
is defined by setting 

(2.9) e(£j, Ej) = 1 if i < j, e(£j, ej) = -1 if i > j, 
and 

(2.10) e{J2mei,J2^jej) = l[{e{ei,ej)r^^^ , 

i i id 

for mi,nj G Z. One can easily check the following result. 

Lemma 2.11. e is bi-multiplicative on Tm- Moreover. 

e{a,a) = (-1)^, e{a,P)e{P,a) = (-l)(«'/5) 

for a, (3 e Qm- 

Now we define the Fock space 
(2.12) Vm = SCHm) C[Tm] 

which affords representations for both the Lie algebra Hm and the group algebra C[rM] 
with the following actions: 

ei{k).u ® = k{g^^^u) ® e^, for k e Z+, 

ei{k).u (g) = {ei{k)u) ® e^, for k eZ_, 
ei{0).u (g) = (£j, /3)u (g) 



c.tt <Xi = u 



e^, and e'^.tt (g) = e(a, /3)w (g) 6°=+^, 



for a,P E Tm, 1 < « < Af, and m G S(7i^). For a G Fm, we define (we are using the 
standard notation from [FLM]) 

(2.13) a{z) = ^a{k)z-^ G {^ndVM)[[z, z'^]] 



and 

(2.14) E^{a,z) = exp( ^^-'=) G ( EndVW)!!^, ^"'l]. 

Then the follow lemma is straightforward. 



Lemma 2.15. For a, P e Tm, a,b eC^ := C \ {0}, we have 
E±(0,a^) = 1, [a{k),E+{p,az)] =0,ifk>0, 

E+{a,azi)E-{p,bz2) = E' {p,bz2)E+{a,azi){l - ^Y'^'^^. 

Let V = q;i(— 1)^^ • • • r)'^'' e Vm, we define a degree operator do of Vm by- 
setting 

(2.16) dov={-J2iki-l{P,P))v. 

If a is any non-zero complex number we define operators 

(2.17) z'^.u^e^ = z^'^'^^u^e^, a".w = a^^'^^w ® 

for a,P e Tmi u G S{H]^). Then a" is just the evaluation map, at a, of the operator z'^. 
The following result is well-known. 

Lemma 2.18. 

[do,E^{a,az)] = -DzE^{a,az) = ( ^ a{k){az)~'^)E^{a,az), 

kei.± 

[a{0), z^] = 0, 2"e^ = 2("'^)e^^" 
for a, /9 G Tm, « £ , where = 

We will have need to raise some of the complex numbers which arise in our construction 
below to various powers and care must be taken with this. We thus set up the notation 
we use for this now. For any complex number a 0, there is a unique real number 
9 e [0, 2%) such that a — \a\e^^^. We define 

Lna = dy/^ + In \a\ 

Viewing = C \ {0} as multiplicative group, we call a subgroup G of admissible 
if G = T X F, where T =< ^ > is a cyclic group of finite order \T\ and F =< qj\j e J > 
is a free abelian group with free generators qj,j G J. For a = C""'"?"/ • • • Qi^ £ G, where 
nojUi, • • • , n/e G Z, zi, • • • , z/j G J, < no < |T| — 1. We define 

(2 19) — Qr(-noLn^+niLnqi^-\ VukLnqii^) 
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for r e C. 

Recall the definition of limit of formal power series from [FLM]. Let F be a vector 
space over C. Let 

we say the limit, lim^^^^^ fi^i, Z2), exists if, for any I e Z, ai^i-i = whenever \i\ » 0, 
and write 



(2.20) hm /(^i, Z2) = /(^i, zi) = > (> ai,i.i)z[. 



For our purposes we need another notion of limit as well. Let f{x,z) = ^i^iCi{x)z'^ , 
where Ci{x) = J2j Cij{^)'^3 ^ ® V, and j runs over a finite set for each fixed i G Z, 
and Cij{x) G C(a;) are complex rational functions. We say the limit, lim^^^a f{.x, z), exists 
if the function Cij{x) has a usual limit at the point a G C for all i,j G Z, and write 



(2.21) \im fix, z)^f {a, z)^}^{}_^c,j{a)vj)z^. 

i j 

Lemma 2.22. For 1 < i < M, we have 

(2.23) lim-^(a-^*-l) = £i(0), 

a^l 1 — a 

feez± fcez± fcez± 



Proo/. For any v = tt G Vm, let m = -(sj, /?) G Z. Then 

-(a ' - l).i; = V, 



1 — a 1 — a ' 

and 

lim — ^ — (a~^^ — l).v = —mv = ei(0).v 
a-+l 1 — a 

as required. The second identity is clear. □ 
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Corollary 2.25. 

a^l 1 — a ^ — ' 

feez± 

Proof. Note that 

E^ie,,az)-EHe^,z)^f:l[{Y."-^iaz)-'y-i^ "-^^-'Y], 

1=1 ' kei± fcez± 

and A'- — = {A — B) Y^^q A'-~^~^ B^ , we obtain by applying the previous lemma 

lim ^—(E^(ei, az) - E^{ei, z)) 

= E^[^(E '-^z-'^y-'] J2 e,{k)z-' = E^{e,,z) J] □ 
1=1 

Corollary 2.26. 



IV k 

1=1 kez± fcez± feez± 



lim J—{E^{-e,, z)E^{e^, az) - 1) = V e,{k)z-K 
a^l i — a ^ — ' 

Proof. This follows from the fact that 

E^{-e^, z)E^{e„ az) - 1 = E^{-ei, z){E^{e,, az) - E^{e„ z)), 
and the previous corollary. □ 

For a e Fm, we define 

(2.27) X{a, z) = E-{-a, z)E+{-a, 2)e"2"^("'")/2. 
We may formally write 

(2.28) X{a,z)= M<^)z~\ 

fceZ+(a,a)/2 

where ^^(q:) G End(VM) for /c G Z + (a, a)/2. It is known from [Fl] that , if {a, a) — 1, 
the operators {xk{o:), Xk{—o:)\k G Z + i} generate a Clifford algebra with the relations 

(2.29) {xk{a),x-i{-a)} = 6ki, {xk{a),xi{a)} = 0, {xk{-a),xi{-a)} = 

for all A;, Z G Z + |. Related to this Clifford structure, we define the following normal 
ordering (see [Fl] and [G3]): 



(2.30) : Xk{ei)x-i{-ej) := Xk{et)x-i{-ej) - SijSkiO{k) 

for A;, / G Z + i, 1 < z, J < M, where e{k) = if A; < 0, 9{k) = 1 if /c> 0. By applying 
(2.15) and (2.18), one can easily prove the following result 
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Lemma 2.31. For 1 < i,j < M , and a e C^, we have 

: X{ei,zi)X{-ej,az2) : 



Sij/2 



= (1 ) " S./2 H^^^^j)^! ' -(^^S)" 

zi 

.e^i-^^zl'{az2)~^'E-{-e^, zi)E-{ej,az2)E+{-e^, zi)E+{6j,az2) - S^j] 
In particular, if i ^ j, then 

(2.32) : X{si,zi)X{-Sj,az2) := e{ei, ej)zl {az2)h''-'^ z^' iaz2y 

■ E~{-Si, zi)E~{sj, az2)E+{-ei, zi)E+{ej, az2), 

and, if i = j, then 
(2.33) 

(1 - — ) : X(£j, zi)X{-Si, az2) : 
= ^-^^{{^rE-{-ei,z,)E-{ei,az2)E+{-s„z^)E+{s„az2)-l). 



y 2 02:2 

Proposition 2.34. For I <i-,j < M, and a e C^, we have 

: X{ei, z)X{—ej,az) : 

e{si,Sj)z^ {az)^e^'^~^i z^^{az)~^i E~ {—Ei, z)E~{ej, az)E'^{—ei, z)E^{ej,az) 
if ij^j 

= < £iiz) ifi = j,a=l 

^{a-'*E-{-e^, z)E-ie^, az)E+{-e,, z)E+{e„ az) - 1) 
. «/ i = i, a 7^ 1. 

Proof. Taking the limit Z2 — > zi in (2.32) and (2.33) gives the first and third identities. 
The second identity follows from Lemma 2.22, Corollary 2.26 and the third identity by 
taking the limit a ^ 1. □ 

Remark 2.35. Note that the second identity in Proposition 2.34 was given in [Fl]. 
Definition 2.36. For a e C^, 1 < i,j < M, we define Xij {a, z) =: X{ei, z)X{—ej,az) : 

Now we can state our main theorem of this section. 
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Theorem 2.37. For a,b eC^ and 1 < k, I < M, we have 
(i) if ah ^ 1, then 



(2.38) 



[Xij{a, zi),Xki{b, Z2)] = Xii{ab, zi)6jkS{ ) - Xkjiab, Z2)Sii6{ — ) 

azi 0Z2 



1 , 1 



^^^^ e e /e/ ^2 . ^^ 

(a) if ah = 1, then 
(2.39) 

[Xij{a,zi),Xu{h,Z2)] = {Xii{l,zi)6jk - Xkj{l, Z2)Sii)6{—) + Sii6jk{DS){—)c. 

The proof of Theorem 2.37 will be carried out in several steps. In what follows we will 
freely use the following two lemmas. (2.40) can be found in [FLM] and [K], and (2.43) 
can be found in [J], [Gl, 2] or [BS]. 

Lemma 2.40. Let Y{zi,Z2) be a formal power series in zi,Z2 with coefficients in a 
vector space, such that lim^j^^i f{zi, Z2) exists. Then 

(2.41) Y{z^, ^2)5( — ) = Y{zi,az^)5{^), 

Z2 Z2 



(2.42) Y{z,,Z2){D5){^) ^Y{z,,az^){D5){^) - {D,,Y{z,,Z2m^). 

azi azi azi 

for a eC^. 

Lemma 2.43. Suppose a,b E C^. Then 

azi zi Z2 hz2 hz2 Z2 

(l_a6)-i^(5(^)-5(^)) z/a6^1 

Now we divide the proof for Theorem 2.37 into four different cases. 
Case 1. i ^ j, k ^ I. 
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We obtain, by applying (2.15) and (2.18), that 

(2.44) [Xij{a,zi),Xki{b,Z2)] 

=e{ei,ej)e{sk,ei)ahh^'-^^e^>'-^'a-^^b-^'zl'~''z'2''-"ziZ2 

■ E-(-ei, zi)E-(-ek, Z2)E-{ej, azi)E-{eu hz2) 

■ E+{-Si, zi)E+{-Sk, Z2)E+{sj,azi)E+{ei, bz2)P{zi, Z2) 



where 







Z\ 


-^)- 

az\ 




bZ2. 
Zl 




bZ2 . 

azi 






Si—Ej) 


Z-2 


hZ2' 


-Sil 


azi 

Zl 


Sjk(^l 




Sj,ek—ei) 


^)5..(1. 


az\ 


{"- 


azi 




bZ2. 
Zl 



azi Zl Z2 bz2 J 



Applying Lemma 2.43 we have two subcases. 
Subcase 1. If ab ^ 1, then 

r 



if i 7^ I J 7^ k 



{l—ab)ziZ2 ^ ^ ozi • 



P{Z1,Z2) = < 

Now (2.38) follows from (2.44) and Lemma 2.40. 



(^&)-^(&)) ^fi = l,j = k 



if i = l,j 7^ k 
if i 7^ I J = k. 



Subcase 2. If a6 = 1, then 



Pizi,Z2) = a-(^-=^-^')z^-^-^'=-^')(l - ^)^^H1 - — )'^n(l - —r'' 

Zl azi azi 



jk~ 



_(^_l)'5ii+^jfe(^^H_)-'^jfe-^<!(l _ ^^^'^-Sjk-Si 

azi Z2 
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r 



= < 



ifi = l,j = k 

[{az,)-'S{^) iii^l,j = k, 
which yields (2.39) by applying Lemma 2.40. 
Case 2. i = k ^ I, and ab ^ 1. 
If a = 1, then 



Since 



Xij{a,zi) = ei{zi). 



[ei{zi),e 



Sk-sn 



Sk—Sl 



[ei{z^),E^{-ek,Z2)]^ V 5,k{-rE^{-eu.Z2), 



and 



we have 



[ei{z^),E^{euhz2)] = - ^ Su{^rE^{si,bz2), 



nez± 



[Xij{a,zi),Xki{b,Z2)] = [si{zi),Xki{b,Z2)] = Xki{b, Z2) 



^1 



^1 



^1 



nez_ 



Z2 



nez+ 



^2 



nez_ 



' bzo 



nez+ 



=XfcK6,^2)(5ife5(-)-5«5(^)) 

Zi OZ2 

=Xkiib, zi)SjkS{—) - Xkjib, Z2)diid{^), 

Zi OZ2 



as needed. 

If a 7^ 1, then 



ai/2 

Xij(a,^i) = -^(a ^'E {-ei,zi)E {ei,azi)E+{-ei,zi)E+{ei,azi) - 1), 

-L CI 
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Applying (2.15) and (2.18), we get 
(2.45) [Xi^{a,z^),Xu{h,Z2)] 



1 — a 

■ E~ {-e,, zi)E- {ei,azi)E- {-Ek, Z2)E- {ei,bz2) 

■ E+{-ei, zi)E+{ei, azi)E+{-ek, Z2)E+{ei, bz2)Q{zi, Z2), 



where 



Q{zi,Z2) = a-(^-=^-^')(l - ^^^"{1 - ^)-'5i^(l - ^)-^^'(l - ^Y^^ 

z\ azi Z\ az\ 

_(1 _ _ ^Y^ii{\ _ ^)-'5ifc(i _ ^-fii 

Z2 bZ2 Z2 bZ2 

zi azi \ az\ zi 

Z2 bZ2 bZ2 Z2 

{0 iii^k,i^l 
(a-l)5(^) ■■di^k,i = l 
We thus have (2.38) by applying Lemma 2.40. 
Case 3. i = j, k ^ /, and ab — 1. 

As we did in Case 2, we treat the case a = 1 and a ^ 1 separately. First for a = 1 
b — 1), then 

Xij{a,zi) = ei{zi), 

Xki{b, Z2) = e{ek,si)e"'-'^z'2''-''z2E-{-ek,Z2)E-{ei,Z2)E+{-ek,Z2)E+{ei,Z2), 
and we have 

[Xij{a,zi),Xki{b,Z2)] = [ei{zi),Xki{l,Z2)] 
=Xki{l,Z2){SikS{-)-dud{^)) 

Zi Zi 

= {Xii{l, zi)djk - Xkj{l, Z2)Sii)S{—), 
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as expected. 

Next assume that a 7^ 1. By applying similar arguments as in Case 2, we have 

(2.46) [Xij{a,zi),Xki{b,Z2)] 
1 



1-a 

■ E-{-Si, zi)E-{ei, azi)E-(-ek, Z2)E-{ei, hz2) 

■ E+{-ei, zi)E+{ei, azi)E+{-ek, Z2)E+{ei, hz2)R{zi, Z2) 



where 



R{zi,Z2) = a'^^-'^^Hl - -^"{1 - —r' (1 - — ) 

zi azi \ az\ 

Z2 Z2 

if z 7^ /c, z 7^ Z 

(h-mj^) if i = k,i^ I 

Substituting this into (2.46) and applying Lemma 2.40, we get (2.39). 
Case 4. i = j^k = I. 
Note that 

Xij{a, zi) 

1/2 

^{a-^'E-{-ei,zi)E-{ei,azi)E+{-ei,zi)E+{ei,azi) -1) if z = j, a 7^ 1 
Si{zi) if i = j,a=l 

Xkiib,Z2) 

_J ^{b-"'E-{-ek,Z2)E-{ek,bz2)E+{-Sk,Z2)E+{ek,bz2)-l) ifk = l,b^l 
Sk{z2) if k ^l,b= 1. 

We consider three subcases. First we assume that a = b = 1, then 

Z2 

[Xij{a, zi),Xki{b, Z2)] = [ei{zi),ek{z2)] = Sik{DS){—), 

as desired. 
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Next we assume a = 1, 1, then 

[Xij{a, zi),Xki{b, Z2)] = [ei{zi),Xki{b, Z2)] 

= - 7b ^'^E {-ek,Z2)E {ek,bz2)E+{-ek,Z2)E+{ek,bz2) 

1 — 

n€Z_ neZ_|_ n€Z_ neZ_|_ 

j,l/2 

1 — Z\ OZ2 

z z a^b^ z z 

= Xii{ab,zi)5jk5{—) - Xkj{ab,Z2)5ii5{-^) + T^uSjkiSi—) - 

az\ 0Z2 1 — ao azi 0Z2 

as required. 

Finally we assume a 7^ 1, 6 7^ 1, then 

(2.47) [Xij{a,zi),Xki{b,Z2)] 
ai/2 51/2 

= - -a ^'b ^'^E {-Si,zi)E {-€k,Z2)E {ei,azi) 

1 — a 1 — 

■E~ (£fc, bz2)E+{-ei, zi)E+{-ek, Z2)E+{ei, azi)E+{ek, bz2S{zi, Z2), 



where 



S{z^,Z2) = (1 - - - - ^)^- 

Zi z\ az\ az\ 

Z2 bZ2 Z2 bZ2 

= (1 _ _ ^fiu ^_^ySik(i _ ^y5ik 

z\ azi \ zi azi 

Z2 bZ2 bZ2 Z2 

= { a i^k 

19 



Substitute S{zi,Z2) back into (2.47) and apply Lemma 2.40 to get (2.38) and (2.39). 
This now completes the proof of Theorem 2.37. 

Remark 2.48 If a6 1, we have 

azi bZ2 azi 

thus 

1 - a6 02:1 bz2 J ^ 1-ab azi 

m— 1 — m 

which gives 

b->a-^l-ab azi bz2 

■^^ — ' azi -^^ — ' azi azi 

m€Z_|_ m€Z_ 

This indicates that the second identity of Theorem 2.37 can be obtained from the first 
one by taking the limit as 6 ^ a~^. 

§3. Lie Algebras and Representations. 

In this section we are going to define a class of Lie algebras from our vertex operators 
which will correspond to admissible subgroups of C^. Indeed for some choice of the 
admissible group G and positive integer M, the Lie algebra Q{G, M) (defined below) of 
operators, which act on the Fock space Vm, will give realizations of some infinite dimen- 
sional Lie algebras studied in Section 1. This will include the afiine algebra glmi^) in 
both the principal and homogeneous pictures as well as some Lie algebras with quantum 
torus coordinates. Towards this end, we first introduce some new notation for the vertex 
operators constructed in the proceeding section. 

Definition 3.1. Fora,b e C^, 1 < i,j < M, we set Xij{a,b, z) := Xij{a~^b,az), and 
write 



(3.2) Xjj (g, b, z) = Xjj {k, a, b)z 



-k 



where Xij{k,a,b) e EndVM- 

With this notation Theorem 2.37 can be re-written as follows. 
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Theorem 3.3. Let ai, a2, 61, 62 £ C^, and 1 < i,j,k,l < M. We have 
(i) if aia2 7^ bib2, then 

[Xij {ai,bi,zi),Xki{a2,b2,Z2)] 

=Xii{ai, , zi)djkd{- ) - Xkj{a2, ,Z2)diid{- ) 

a2 OiZi ai 02Z2 

(aj:^6i)^ (02^62)-^'^°^^% (.ia2Z2. 
+ -1, -1, 5ii6jk{o[-r — ) - ^\-r — ))c, 

1 - ^6ia2 &2 Ol-^l 02-22 

(^zzj if aia2 = b\b2, then 

[Xy (ai , 61 , 2i ) , Xfci (02 , &2 , ^2 )] 

= Aii(ai, , 2i)c)jfeC)(T ) - Xkj{a2, , Z2)diid{- ) + diidjk{Dd){- )c. 

02 biZi ai O2Z2 0\Zi 

Fix an integer M > 1 and an admissible subgroup G of C^. Let Q{G,M) be the 
vector space spanned by c and all of the coefficients of the vertex operators Xij (a, b, z) 
for all 1 < z, J < M, and a, 6 e G. Then we have the following result. 

Theorem 3.4. Q{G^ M) forms a Lie algebra of operators acting on the Fock space Vm- 
Moreover 

Vm = ®k€zV}i^ 

where vj;^^ = e^^^+^^ (g)S{n]^), and vj^^ is an irreducible g{G, M) -module. 

Proof. It is obvious from Theorem 3.3 that g{G, M) is a Lie algebra and that is a 
^(G, M)-module. To see it is irreducible, we note that the Heisenberg algebra T-Cm C 
TCmj and Hm is spanned by the coefficient operators of the vertex operators Xii{l, 1, z) 

(k) 

for 1 < i < M. This then implies that, if is a non-zero submodule of , we can 
choose a non-zero element of the form v = e'^^^+'^ 1 e for some a e Qm- Moreover, 
it is easy to check that 

Xij{nij - 1, 1, 1).-^ = e{ei,ej)e{ei - ej,keM + a)e'=^^+«+^*-^^ 

for all 1 < z 7^ j < M, where = (sj - Si, ksM + a) e Z. Therefore e''^^+^ <S) 1 e W 

(k) 

for any [3 e Qm- This thus gives W = V^'^ as needed. □ 

Remark 3.5 Note that the coefficients of the vertex operators Xij {a, z) and Xij{a,bz) 
for any given a,b E G span the same space. Thus Q{G,M) is spanned by c and the 
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coefficients of the operators Xij{a, z) for 1 < i, j < M, a & G. Therefore, it follows from 
Theorem 4.25 in [Gl] that Q{G, M) is an affinization of the Lie algebra glM{J^[t^ t~^'i t]), 
where TZ = C[G] is the group algebra and TZ[t,t~^;T] is the skew Laurent polynomial 
ring. 

Recall definition (2.19). We extend the cocycle map e : Hm x Hm — {C^} by defining 

(3.6) e{J2nSi,J2siei) = l[ie{ei,ej)y^'^ 

for rj, Sj e C. It is obvious that 

e{a + 7) = e(Q!, 7)e(/3, 7), e(a, /? + 7) = e(a, /?)e(a, 7) 

for Q!,/3,7 e i^M- Moreover, if we restrict e to Vm x Fm, then e gives us the 2-cocycle 
defined in previous section. 

Let ai = £j z = 1, • • • , M- 1, and ckm = £1 H I-£m- Then Qm = ®^7^^<^i' 

and Fm = ©^iZcti. Let = {a e C (8)z Qm\ (ck, Qm) £ be the dual of the lattice 
Qmi and set 

(3.7) Lli = {aeHM = C®zTM\ (a,QM)eZ}. 

Then = © Cq!m- Let / = L^/Qm, then we have a QM-coset decomposition of 

(3.8) i^M = ®ie/(Ai + gM) 
for some e L^. 

Proposition 3.9. The Lie algebra of operators, Q{G,M), acts on the space vl^'^ = 
^O^m) ® '^[Qm + \], o-nd vj^^^ affords an irreducible representation of Q{G,M) for 
iel = L%/Qm- Moreover vj^'^ ^ V^'^ if and only ifi = j. 

Proof. For u (g) e"+^* e vl^'\ u e S{Hm), a e Qm, we note that 

z'^.{u0e''+^') = (8) e^^+^S a^.(w (g) e"+^0 = a^^'^'+^^^w ® 6^*+^* 

e'5.(M ® e"+^^) = e(/3, a + X^)u ® 6"+^^+^^ 

where (/?, ct + Ai) G Z, (7,0; + A^) G C, e(/3, a + A^) G for (3 G Qm, 7 G Fm and 

a E G. This implies that Xij{a,b, z).{u® e'^'^'^^) G V"^''' [[2, 2""^]], and so the Lie algebra 

Q{G,M) acts on the space vj^''\ The irreducibility of V^m"'', for i E I, follows from a 
similar argument as in Theorem 3.4. The last part of this proposition is clear. □ 
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§4. Applications. 

In this section we assume the admissible subgroup G has the form G = T x F C , 
where T =< ^ > is generated by a root of unity ^, and F is a free group with a finite 
number generators. First, let G = {1}, and M > 2 be any integer. Then the Lie 
algebra G{G, M) is generated by the coefficients of the vertex operators Xij{l, 1, z) for 
all 1 < z, J < M. Moreover from Theorem 3.3 , we see that 



(4.1) 



1,-^2)] 

--Xa{l, 1, z^)5ju5{-) - 1, Z2)5a5{^) + 5u5jk{D5)C-^) 

Zi Z2 Z\ 



for 1 < J < M. Comparing (4.1) with (1.17), we obtain the following result which was 
originally due to [Fl], see also [FK] and [S]. 

Corollary 4.2. Let G = {1} and M > 2. Then Q{G,M) gives a representation of 
the affine algebra glui^) in the homogeneous picture on the Fock space Vm, and the 
representation is given by the mapping: 



Eij (S) tQ ^ Xij{k, 1,1), 

Cq ^ C 



for 1 < i,j < M and k e Z. 



Next we choose G to be a cyclic group of order N > 2 with generator ^ = ^n, and 
take M = 1. Note that 



ior < i, j < N — 1. This implies that the Lie algebra Q{G,M) is generated by the 
coefficients of the vertex operators Xii{^'^~^,^~^,z) for < i < N — 1. From Theorem 
3.3 we have 

[X^^{e-\r\z^),X^^{^^-\r\z2)] 

■ X^,{C-\r'-\z^)6{^) - X^^{^^-\^-^-\z2)6{^-^) + mi^)c 
ifi+j = O(modiV) 

xii{e-\r'-\z,)5{^-^)-x,,{^i-\r'-\z2)5{^-^)+ 



i+j 



Lnl, 



'l^i^i^-^) - '^(^)) if ^ + O(modiV). 
Recalling the definition of Xij{a, 6, z), we have 

x^,{e-\r'-\z^)6{^) = x^^{e-\r'-\ez2)5{^) 

Z\ Z\ 
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while 



Z2 Z2 



= x^^{e+^-\c\z^)s{ 



,ezi 

Z2 



for < i, j < N — 1. Therefore we get 

(4.3) [Xii{e-\ r\ Zl), xn{e-\r\ ^2)] 

f X,^{e+'-\r\z2)S{^) - X^^{e+^-\^-\z,)6{^) + mi^)c 
ifi+j^ O(modiV) 



_ i + j 

e 2 



Zl 



Z2 



Comparing this with the identity (1.18), we obtain the foUowing result which was origi- 
nally due to [Fl] and [KKLW]. 

Corollary 4.4. Let M = 1, and let G be the group generated by ^, where ^ is a N-th 
primitive root of unity for N >2. Then the Lie algebra Q{G, M) gives a representation of 
the affine algebra glN{C) on the Fock space Vi in the principal picture. The representation 
is given by the mapping 



F'E^ ® t^ 



Cn I— > — 

N 



for keZ. 

Next we choose M > 2 and G —< q > where g ^ is not a root of unity. Note 
that Xij{a, h, z) = Xij{l, a~^h, az) for a,b E G. We see that the Lie algebra Q{G, M) is 
generated by the coefficients of the vertex operators of the form (1, q'^, z) for all r e Z 
and I <i,j < M. We apply Theorem 3.3 to obtain 

(i) if r + s = 0, then 

(4.5) [Xij{l,q\zi),Xki{l,q%Z2)] 
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(ii) if r + s ^ 0, then 

(4.6) [X,j{l,q',z,),Xki{l,q%Z2)] 

=Xuil, z^)6jkSi^) - Xkj{l, Z2)Sud{^) 

q zi q^Z2 

1 — \-s 



1 — a -21 o'^^;') 



zi q'Z2 

Comparing the above two identities with the identity (1.19), we derive the foUowing 
result which was given in [Gl]. 

Corollary 4.7. Let M > 2, and G =< q > be the group generated by q ^ and q is 
not a root of unity. Then the Lie algebra Q{G,M) of operators, acting on Vm, gives a 
representation of the Lie algebra glMiS^q)- The representation is given by the mapping 



(m, l,g^) + ifr^O 
Xij{m, 1,1) ifr = 

Co I— > c, ci I— > 

for m,r & 

Remark 4.8. The representation of the Lie algebra glj^i'Cq) given in (4.7) is called the 
homogeneous realization. This is because of the fact that we are using the homogeneous 
gradation. Moreover the algebra G{G, M) contains a subalgebra of ^(< 1 >, M) which is 
generated by the operators Xij{m, 1, 1) for 1 < j < M and m e Z, and it is clear that 
this subalgebra is nothing but the affine algebra ^/m(C) in the homogeneous picture. 

Similarly, we may have the principal realization of the Lie algebra qIn^Cq). For this 
purpose, we choose the group G =< ^,q > where q ^ is not a root of unity and ^ is a 
A'^-th primitive root of unity. Let M = 1. Then the Lie algebra Q{G, M) is generated by 
the coefficients of the vertex operators of the form Xii(^*~^, $,~^q^ , z) for all r & Z and 
< z < — 1. From Theorem 3.3 we have 



(i) if r + s = and i + j = O(modA^), then 

[Xii{r\ rv, zi), Xii(e-\ ^2)] 
=x^^{e+'-\ r'zi)5{^) 

-x,,{e+'-\rV^^r'z2)5{^) + {d5){^)c, 

q^Z2 q^zi 
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(ii) iir + s^Ooii + j^ O(modiV), then 



Thus if we write 

r Xll(C-^C~^-^) ifr = 0,z = 0(modiV) 

for r e Z and < z < A?" — 1, then the above two identities can be written as one identity 

(4.9) [Xii{c-\ ^i), Xn(e-\ ^2)] 

y -21 

Comparing this with the identity (1.20), we get the following result which was given in 
[BS] for the N = 2 case and in [G2] for arbitrary N. 

Corollary 4.10. Let M = 1 and G =< ^, y > be an admissible subgroup ofC^ generated 
by q with q not a root of unity, and ^ is a N-th primitive root of unity for N > 2. 
Then the Lie algebra Q{G,M) of operators, acting on Vi, gives a representation of the 
algebra glN{CqN). The representation is given by the mapping 



F'E"^ ^t^t"; ^ I ^11*^'^''^* ^''^ ^q'') + Sm,o ''\i_lf c ifi^O(modN) or r 
3;ii(to, ^~^) ifi = 0{modN) and r = 



c 

N' ci 1-^ 

forr eZ andO <i < N -1. 

Remark 4.11. In general, let M, A?" > 2 be integers, G =< ^, yi, • • • , g^. > an admissible 
subgroup of with finitely many generators, where qi, - ■ ■ ,qu are the free generators of 
G and ^ is an A''-th root of unity. Then the Lie algebra ^(G, M) of operators, acting on the 
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Fock space Vm, gives a representation to the Lie algebra glMNi'^q) where the quantum 
torus Cq = CQ[t^^,tf ^, ■ ■ ■ is determined by the matrix Q = {qij)(i,+i)x{i^+i) with 
Qio — Qi^ 1 Qoi = Qi^^ ior 1 < i < ly, and Qij = 1 for all other values of i, j. 

In particular, if = 1, that is G —< ^, q >, then the Lie algebra Q{G, M) is generated 
by the coefficient operators of the vertex operators Xij{^'^~^, i~^q^ , z) for 1 < i, j < M, 
1 < A; < AT — 1 and r e Z. Moreover, from Theorem 3.3, we have 

(i) if k + k' 7^ or r + s 7^ 0, then 



q^zi 



q Z2 



k + k' r „ c r + r' 



e 2 



q^ Z2' 



and 

(ii) if + fc' = and r + s = 0, then 

[Xij{e-\rV,zi),x,>j>{e'-\r'q'',z2)] 

e'z2. 



--5,,X,y{e-\C'-^'q''^''\z^)5{ 



q'zi 



q z\ 



q' Z2 - - qr^^ 



5j,,x,,jir\r\r''z2))s{^)+Sji,sMDS){^)c. 



Set 



q^Z2' "q^zi 



x,j{e-\cY,z) 
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Xij{e-\C\'',z) + 5i^'-^^c iik^ (modiV) or r 7^ 
X^j{C^,C^,z) if A; = (modiV) and r = 

Then we have 

q zi 

-5riX,^{e^^'-\r\''^''\r^z2m^)+ 5^,5^,5^ 

q Z2 q' Zi 

Comparing this identity with identity (1.21), we get 

Corollary 4.12. Let M,N > 2, and let G =< C,q> be an admissible subgroup of 
generated by q with q ^ not a root of unity, and ^ an N-th primitive root of unity. 
Then the Lie algebra Q{G,M) of operators, acting on Vi, gives a representation of the 

algebra glMNiS^q^), and the representation is given by the mapping 

Eij (g) F'^E'^ ® t^t[ 

Xij{m,e-\rh'') + ^mfi^ij '^l'f c ifk ^ 0{modN)c or r ^ 
Xij{m, , ^~^) ifk = 0{modN) and r = 

c 

Co ci 1-^ 

for r e Z and < k < N - 1. 

The Lie algebra S{G, M) given in the previous corollary contains two interesting subal- 
gebras which give representations to the Lie algebras glN{CqN) and glui'^q) ■ Moreover 
we will see that these two subalgebras contain subalgebras that give representations to 
the affine algebras gl^i^) of level M and glui^) of level N respectively. Indeed, for 
a,b e G =< ^,q >, let 

M 

(4.13) Y{a,b,z) = J2Xkk{a,b,z) 

fc=i 

and formally write 

(4.14) Y{a,b,z)=J2yim,a,b)z-^. 

mez 
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Let £i be the Lie algebra generated by all of the coefficients of Y{a, b, z) for a,b E G. 
We note that 



(4.15) YicY, ^^g^ z) = Y{e-'-\ c'+Vz), 

so Ci is indeed generated by the coefficients of the vertex operators with the form 
Y{C~^,^~^q^ , z) for r E Z and < i < N — 1. Moreover, applying Theorem 3.3, 
we have, if r + s 7^ or i + j ^ 0(modA'") 

(4.16) [Y{e-\C'q'', z,),Y{e-\ r\', ^2)] 

M 

fe=i 

^ V ?^2 



= Y{e+^-\rV^',r'z^)s{^)-Y{e+^-\rv^',r'z2)s{^) 

q^zi q^Z2 
e'-T^^^Q^ Cz^ 



while if r + s = and i + j = 0(modA'"), then 

(4.17) [i^(f z,), Y{e-\ ^2)] 



M 



J2[^kk{e-\ rv, z^),Xkk{e-\rV, ^2)] 



M 



E f^fcfe(r\r\r^'^i)<^(^) - Xfefe(r\r\r^'^2)<5(^) + mi^)) 

^ V 9^1 q Z2 q^zi J 



= Yir\r\r'zr)s{^)-Y{r\r\r'z2)s{^)+M{DS){^). 
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q^zi q^Z2 q^zi 



Therefore, if we define 



\Y{C\r\z) ifr = Oand^=0, 

then we can rewrite the two identities (4.16) and (4.17) into just one identity 

(4.18) [?(e-\ ^o, ^2)] 

Therefore we have the following result 

Proposition 4.19. The Lie algebra Ci of operators acting on Vm gives a representation 
of the Lie algebra glN{CqN), and the representation is given by the mapping 



11 ^ n ^ 

^i^m^^^m^r^ ; V (m, C , ^'^Q'') + M ^ S^fiC ifi^O (modN) or r ^ 

yijn, 1, 1) ifi = (modN) and r = 

Co I— > Mc, ci 1-^ 

forr eZ andO <i < N -1. 

Recall from (4.7), the Fock space Vm affords a representation of the Lie algebra Q{< 
q >, M) C G{< ^, q >, ), where ^, q are given in (4.10), and 

Q{< q >,M) = span {c and Xij{m,l, q^)\ for m, r e Z, 1 < i,j < M}. 

Now we define a subalgebra of ^(< g >, M) C Q{< ^, q >, M) 

£2 = span{c and Xij{Nm, 1, q^) \ for m, r e Z, 1 < z, j < M}. 

Then we have 

Proposition 4.20. £2 forms a Lie subalgebra ofQ{< q >, M), and C2 is also isomorphic 
to Q{< q >, M) via the isomorphism given by 

Xij{m, 1, q^) I— > Xij{Nm, 1, q^), c 1— > No. 
Therefore £2 gives a representation of gl^i'^qN). 
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Proposition 4.21. For m, n, r,s,EZ and i ^ (mod N), 1 < k ^ I < M, we have 

(4.22) [y{m,e-\C\l.xu{Nn,l,q')] 

^(^qvNn _ qsrn^xkiim + Nn, e~\ C^Q"^")- 

Proof. We apply Theorem 3.3 to obtain 

M 

[Y{e-\ ^i), x^iii, g^ ^2)] = E ^nic-\ rv, ^1), xu^, q% ^2)] 

C q zi q''z2 

This then gives 

[vim, rV), Xkiin, 1, q^] = T^?'"" - q'^^rMm + n, C-^rV^')- 
which immediately implies (4.22). □ 

Remark 4.23 Let C A C G(< q >, M), z = 1, 2, be such that 

^i=span{c and y{m,C~^,C^)\ for m e Z, < i < iV - 1}, 

^2 = span{c and Xij{Nm, 1, 1)| for m e Z, 1 < z, j < M}. 

Then the two siibalgebras Si,Q2 of ^(< 9 >> respectively give representations of the 
afhne algebra gli\f{C) of level M and glui'^) of level N. Let Q[ be the derived algebras of 
Qi. Then we have the so called dual pair property given in [Fl]: [Q[, Q2] = (0). However, 
clearly, we have [^[,£'2] ^ (0). 
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